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Abstract. In the supersymmetric seesaw model, large flavor mixings of sleptons induce the lepton flavor
violating (LFV) interactions £10;V (V =, Z), which give rise to various LFV processes. In this work
we examine the LFV decays Z — £;£;. Subject to the constraints from the existing neutrino oscillation
data and the experimental bounds on the decays ¢; — £;7, these LFV Z-decays are found to be sizable,
and among them the largest-rate channel Z — 7fi can occur with a branching ratio of 1078 and may be

accessible at the LHC or GigaZ experiment.

1 Introduction

It is well known that the standard model (SM) predicts an
unobservably small branching ratio for any lepton flavor
violating (LFV) process, such as £; — {7y or Z — {10.
In some extensions of the SM the LFV processes may be
significantly enhanced [1-3]. One example of these exten-
sions is the popular weak-scale supersymmetry (SUSY). In
SUSY models the LFV interactions £;¢;V (V = ~, Z) [4-7]
receive two kinds of additional loop contributions: One is
from the charged-current lepton—sneutrino—chargino cou-
plings; the other is from the flavor mixings of charged slep-
tons. While the former is a common feature of all SUSY
models accommodating right-handed neutrinos, the lat-
ter is sizable only in some specific realizations of SUSY,
such as the minimal supergravity model (mSUGRA) [§]
with the seesaw mechanism to generate the tiny masses
for light neutrinos. This mechanism is realized by intro-
ducing right-handed neutrino superfields [1,2] with very
heavy Majorana masses. In such a framework the flavor
diagonality of charged sleptons is usually assumed at the
Planck scale, but the flavor mixings at the weak scale are
inevitably generated through renormalization equations
since there is no symmetry to protect the flavor diago-
nality. Such flavor mixings of charged sleptons generated
at the weak scale are proportional to the neutrino Yukawa
coupling, which may be as large as the top quark Yukawa
coupling due to the seesaw mechanism, and they are en-
hanced by a large factor, log(M3/M?) (Mp is the Planck
scale and M is the neutrino Majorana mass). Therefore,
the popular mSUGRA with seesaw mechanism predicts
large flavor mixings of sleptons at the weak scale, which
will reveal their effects through some LFV processes in
collider experiments.

The aim of this article is to examine the LFV Z-
decays Z — (¢;f; induced by slepton flavor mixings in
the mSUGRA seesaw model. Given the possibility of the
extremely accurate measurement of Z-decays in future ex-
periments, the decays Z — £;{; may serve as a sensitive
probe for such a new physics model.

We will use the existing neutrino oscillation data and
the experimental bounds on the decay ¢; — ¢;v to con-
strain the model parameters, and then evaluate the branch-
ing ratios of Z — £;¢;. We find that, subject to the current
constraints, the channel Z — 7f can occur with a branch-
ing ratio as large as 10~® and thus may be accessible at
LHC [9] or the GigaZ option of TESLA at DESY [10].

This article is organized as follows. In Sect. 2, we briefly
describe the SUSY seesaw model with minimal C P-viola-
tion in the right-hand neutrino sector and discuss the
induced flavor mixings between sleptons. In Sect. 3, we
present the analytic results for the SUSY contributions to
the branching ratio of Z — ¢;£;. In Sect. 4, we present the
correlation between the process Z — ¢;0; and £; — £;7.
In Sect. 5, we evaluate the numerical size of the branching
ratio of Z — ¢;£;. Finally, in Sect.6, we give our conclu-
sions.

2 Supersymmetric seesaw model
and charged slepton mixings
2.1 Supersymmetric seesaw model

The seesaw mechanism [11] provides an elegant explana-
tion for the tiny masses of light neutrinos, which implies
that the new physics scale is about 104 GeV. However, a
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non-symmetric seesaw model suffers from a serious hierar-
chy problem [1], which can be automatically solved in the
SUSY framework.

In the supersymmetric seesaw model with N right-
handed neutrino singlet fields vy, additional terms in the
superpotential arise [1]:

1

W, = —§y§TMV§ + v Y, L Hy, (1)
where M is an N x N mass matrix for the right-handed neu-
trino, and L and Hy denote the left-handed lepton and the
Higgs doublet with hypercharge —1 and +1, respectively.
At energies much below the mass scale of the right-handed
neutrinos, the superpotential leads to the following mass
matrix for the left-handed neutrinos:

M, = mgM_lmD = YEM_lYl,(’U sin 3)2. (2)
Obviously, the neutrino masses tend to be light if the mass
scale M of the matrix M is much larger than the scale of
the Dirac mass matrix mp = Y, (HY) = Y, vsin 3 with
v =174GeV and tan 8 = (HY)/(H?). The matrix M,, can
be diagonalized by the MNS matrix U,:

UIM, U? = diag(my,1, mu2, mus) , (3)

where m,,; are the light neutrino masses.

2.2 Slepton flavor mixings
The mass matrix of the charged sleptons is given by
2 2%
m2 = ML Mirg
¢ m2 _ m?2 ’
ILR " IRR

with

1
m%LL = m% + [m? +m? (2 + 5\2/\/) cos 26} 1, (5)

m%RR = m% + (mj — my sty cos2p) 1, (6)
m%LR = ApvcosfB—mgutanf 1, (7)

where sw = sinfw, cw = cosfw, Ow is the Weinberg
angle and 1 is the unit 3 x 3 matrix in generation space.
In the mSUGRA model it is assumed that at the Planck
scale the soft-breaking parameters satisfy

m; =mg=my; =mgl,

Ay =AYy,

mmpg, = Mg, = My,

A, =A)Y,. (8)
In general, the lepton Yukawa couplings Y, and Y, cannot
be diagonalized simultaneously. It is usually assumed that
Y, is flavor diagonal but Y, is not. In this basis the mass
matrix of the charged sleptons is flavor diagonal at the
Planck scale. However, when evolving down through the
renormalization group (RG) equations (see Appendix A)
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to the weak scale, such flavor diagonality is broken. In the
leading-log approximation, we have [2]

1 M,
6(m%)1] ~ —@(&n% + A(Q))(YBTYS)Uln (./\/ll)) . (9)

5(1112 )IJ 20,

% (10)

3 M
S(AQ) 1 =~ — s Ag(Y) r(YOYO) s In (MP) . (11)

16w

where Y° = Y (Mp).

The flavor non-diagonal mass matrix m% in (4) at the

weak scale can be diagonalized by a unitary matrix Sy,

ng%S} = diag(m; ). (12)
Such a unitary rotation of slepton fields is to induce the fla-
vor-changing neutral-current vertices: )2916 12 x and Al ng.
In the supersymmetric seesaw model, there exist right-
handed sneutrinos with masses of the same order as the
heavy Majorana neutrinos. However, due to their large
masses, they do not give significant contributions to the
considered LFV processes. Therefore, only the left-handed
sneutrinos need to be taken into account, whose mass ma-

trix is given by
2

1
m; = mQZ + —m?% cos 26 1.

5 (13)

Due to the non-diagonal contribution 6(m?);; in (9), m3
is flavor non-diagonal at the weak scale and needs to be
diagonalized by a unitary matrix Sz,
S;m2S! = diag(m3 ). (14)
Such a unitary rotation of sneutrino fields results in the
charged-current flavor-changing vertex y3¢;x.

2.3 The form of the neutrino Yukawa coupling

As shown in (9) and (11), the flavor mixings of charged
sleptons are proportional to the neutrino Yukawa cou-
plings. Lack of knowledge of the neutrino Yukawa couplings
results in numerous speculations on their possible forms.
Different forms may lead to different flavor mixings. In
this work we consider a scenario called the minimal C P-
violating seesaw model which has two heavy Majorana
neutrinos with the Dirac mass matrix mp parameterized
as [12]

0 O
mEEYE<H3>:ULmVR, m=|my 0 |, (15)
0 ms

where

i —ivr/2
Vi = cqs@R sinfg e R 'O L), (16)
—sinfg cosfg 0 e/
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with mixing angle 8r and C'P-violating phase vr for the
heavy Majorana neutrinos directly concerned with lepto-
genesis [12]. The matrix Uy, appearing in (15) reads

Up = 0923(0123)U12(0113,61)O012(0012)P(—v./2), (17)

where P(—vy,/2) = diag[1, exp(—ivr/2), exp(iv/2)], and
O;; and U;; denote rotations in the (7, j) plane. Without
loss of generality, the mq 3 in (15) are chosen to be real,
positive and mo < m3.

As (2) and (15) are used, the mass matrix for the light
neutrinos in this model can be further expressed as

M, = U mV;M 'VimTU]. (18)

The MNS matrix in (3) is found to be a product of matrices,

Uz/ = ULKRa (19)
where K = Kg(0, ¢, ) is a unitary matrix. Therefore,
(3) can be rewritten as

KLmVyM~'VEmTKY = diagm,,, m,,, m,,]. (20)

From this equation, one can learn that both Kz and m,,
are independent of the choice of Up.

It is noticeable that the special form (15) for the neu-
trino Yukawa couplings matrix Y, implies [12] the follow-
ing.

(1) One of the neutrinos is massless, i.e., m,; = 0.

(2) The quantity Y'Y, is only dependent on the three
mixing angles 0112 113,123 and a CP-violating phase dr,
in UL,

m3(UL)12(U})ay +m3(UL)13(UL)ss
(vsin 8)2 '

(YIY,)15 =

(21)
(3) For small mixing angles 61,13 and 6, the light neutrinos
mixing matrix U, takes a simplified form similar to the
mixing matrix introduced in [13]:

sp1ze”or
CrL12 SL12 157108 o—i¢’
L1256 /
U, ~ P(a),
—SL12€L23 CL12CL23 SL23
Sp125L23 —CL125L23 Cr23
(22)

where ¢ = ¢+ vy, &' = a— /2 and s, = sinz, ¢, =
cosz. In this case, the angles in YlYV can be related
directly to the corresponding neutrino mixing angles and
determined by neutrino experiments.

3 The LFV decays Z — £;0;

The flavor-changing interactions in the slepton sector dis-
cussed in the preceding section, namely the couplings
X4l and Zl1¢; from charged slepton mixings as well as
X4 €0y from sneutrino mixings, can induce the LEV pro-
cesses Z — {1l y, as shown in Fig. 1. The relevant Feynman
rules can be derived straightforwardly from the analysis

L
i)
iu&j"
z v =0
NAANSL o ( Xo)
P
(a) 1,

(© ! (d) !

Fig. 1a—d. Feynman diagrams of SUSY contributions to the
LFV processes Z — €10
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/" igYy"(g55PL + 955 Pr)
f3
bx
Z Pz/’
R iGxy(p1 + p2)"

ig(CIL(yXPL + CEMXPR)

1

Fig. 2. Some interaction vertices needed to calculate the
branching ratio of Z — ¢;¢; in SUSY. a and [ are indices
of charginos (neutralinos), while X and Y are those for slep-
tons

in the preceding section. Our analytic results will be ex-
pressed in terms of the constants gibR, Gxy and CILO;};(
defined in Fig. 2, whose explicit expressions can be found
in [7,14]. The calculation of the diagrams in Fig. 1 results

in an effective Z€;£; vertex:

M =ige g, (pr) M ug, (p2), (23)
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with ¢, being the polarization vector of Z-boson, p1(p2)
the momentum of ¢;(¢;), and I'* given by

aem

It =

24
sin2 9W ( )

x Y (firPr + firPr) + 10"k, (for. Pr + farPR)],

where Pp = %(1 +75), g = ¢/sinfw and k = p; — ps
is the momentum transfer. The form factors fir, fir, for
and fop arising from the calculation of the loop diagrams
in Fig.1 are listed as follows.

Contribution of Fig. 1a.

fir = GxvCigx (25)

X [-2C5,CF oy +meyma (C§ + Cfy + Cfy) Cloy]

fip = GXYC}FEX (26)
x [ma (C§ + Cy + Cfy) Clay

—my, (Cfy + C35 + C33) Clly ] -

Contribution of Fig. 1b.

L
f1L = CIaXCJﬂX

1
ssmamsCl -+ (m3Ch — 208+ 3 )|

+C?£XO§5X9£5mamb (Og +Ch + 052) , (27)
for = C}focﬁﬁx (go}?,amaciﬁ + gﬁﬁmﬁcfz)
+Cf§XCfﬁXg£5ng (sz +Ch + 033) . (28)

Contribution of Fig.1c,d.

M
fiL = CIaX {W(Bo BO)CJaX BicﬁlaXil gr, (29)

fir=0.
In the above, g;, = (1 — 2sin® w)/(2cos fw), and B | =
B( plamoumX) ngj Co,ij <_p1a_p2;mi7m%/7m?x)
and CO,ij = Coij | —p1, —pg;mg(,m%,mi) are the Feyn-
man loop integral functions [15]. Terms proportional to the
lepton masses my, are neglected. The right-handed form
factors from the vertex loops are obtained from the corre-
sponding left-handed ones in (25)—(28) by the substitution
L < R.

The branching ratio of Z — £;£; (including its charge-
conjugate channel) is then given by!

1 tem \°
4872 \ sin? Oy

m m2
XTZZ {|f1L|2 + | firl* + TZ (Ifor? + |f2R2):| ,

! Our result is in agreement with that given in [7] if my,-
dependence terms in fir,1r are neglected

(30)

BT(Z — KIZJ) = (31)
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where firir= >,

a=a,b,c
cay width of the Z-boson.

Although the above results are sufficient to allow for
numerical calculations, we would like to derive an analyt-
ical expression for the branching ratio by considering the
limit mg > mz where mg represents the mass of any in-
ternal sparticle in the loops in Fig.1. In this case the loop
functions can be much simplified and we use the mass-
insertion approximation in our derivation. In such a limit,
the chargino mass matrix

IiL.ir and I'z denotes the total de-

Mo \/ﬁmw sin ﬂ) (32)

M.+ =
= (ames™"

is nearly diagonal. Here p is the mass parameter appearing
in the term pH;Hs in the superpotential and Ms is the
SU(2) gaugino mass parameter. The matrices U and V
which diagonalize My+ will be the unit ones for u > 0,
and the chargino masses are given by

mgs = Ma, ez = Jul. (33)
The symmetric neutralino mass matrix
M,
M;o = 0 My (34)
—mMzsSweg MzCwceg 0
mzswsg —mgcwsg —f 0
can be diagonalized by a unitary matrix N,
1
N=| ' . (35)
V2el1 —\/§e“1
V271 /261
The corresponding mass eigenvalues are given by
Mg, = Mo, mge=mgy = = |u|. (36)

When using the mass-insertion method, one should note
the fact that, for any matrix M = M% + M!, where
M° = diag(m{,...,m%) and M! has no diagonal ele-
ments, if the matrix T can diagonalize the matrix M,
TMT' = diag(mq,ma, ..., m,), then at leading order for
an arbitrary function f we have

T f (mi) Ty = 655 f(m?) + ML, f(m, m),

; (37)
with

f(x,zl...zn)—f(y,zl...zn). (38)
z—y

flzyy,z1...20) =

After a straightforward calculation we obtain an analytical
expression for the branching ratio

Dl

M4

ag’m cW my |6(m

Br (Z — f[g‘]) 1372 5 FZ
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L f (&)
fi(zr,ag) = 2fo(xp, xy) — 2 = -
W rg

X

1

2 1 1
s (20 REE) 1,

/ !
c%v M, zha!, 2 (@7 2)
2
3142
~5 2 = W fa(xr,2) (39)
W

Here sw = sinfw, cw = cosOw, r; = (m%)n/M%, xh =
(m2)11/M7, and

fl(m):zil (1—x$11na:),
falw) = 4(331— 1) (1 - ;3—21 1”) ’
fa(z) = (Ii 3 (1+ i:ix lnx), (40)

and f;(z,y) can be obtained through (38).

4 Comparison of LFV Z-decays
with lepton decays

Now we compare the LFV Z-decays with lepton decays.
Using a similar procedure as in the preceding section, we
can easily calculate the decay width for £; — ¢;y by setting
gze,gsszlwithoz:/B,GXyzlwithX:Yin
Fig.2, and fi11r = 0 in (24). Meanwhile one should also
note the fact that sneutrinos in Fig. 1a and neutralinos in
1b do not couple to the photon and that the self-energy
diagrams do not contribute to the dipole operators. The
branching ratios of £; — £; are obtained as

BT(KJ — 617) 6aem m%{/ ~y 12 o2
= . (41
Br(ly — Ly or) T omg, (If5L PP + [ f3Rl?) - (41)

Here the form factors are given by [7]

= Y O maCHRES 4 me, OFYES].
k=ab
(42)
far = fLlLor (43)
where

Fi(zq) = m3 (C§ + Cfy + Cty)

_ 1 xa+1+ T,
(2 — 1)2 2 T, —1

Fy(zq) = _m?zg (Cfy + €3 + C33)

In ma) . (44)
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1 —xZ + 5x4 + 2 T, 1
= - NZTq |,
2(xq — 1)3 6 Tq — 1

FY(z) = m;;(cﬁ +C1,)
B 1 =3z + 1 " Il%
o (l‘b — 1)2 2 Ty —1

In xb> ., (46)

Fien) =2 (Cly+ Ch+ Ch) = 18 (), (41)
o Tp Tp
with z, = m%x /mfzg and 2, = m2 /m%;.
Next we derive the analytical expression for the branch-
ing ratios in the limit of mg >> my. Unlike the form
factors for the Z-decays which contain terms not propor-
tional to the small lepton mass [see (25) and (28)], the form
factors for £; — ¢;y are always proportional to the small
lepton mass my,. In this case, the off-diagonal elements in
the mass matrices of the chargino and neutralino are no
longer negligible, especially when tan 3 is large. In fact,
the terms maC}k(f)(f)Cig)( in fj, receive a contribution
from the wino—Higgsino mixing, which can be enhanced
by tan 3. So for a large tan 3, the contribution of f} is
dominant and the branching ratios are given by [2]

6aem Mmiy v o2
5| /2Rl
£y

BT’(@J — g[’y) ~ BT(KJ — ﬁ[l/,]ﬂ[)

 Baemmiy ((p)®
= BT(KJ — KII/JV[) T W (]\42

1
X 5Ff($[,$‘]) —Flb(l‘],xj)

_ (M2>4 <;F1“(sc1,ajJ) - F{J(xf,:cJ)) ‘2

7

tan? 3

2
(1~ )

where z; = (m%)]]/MQ.

Comparing Br(; — £1v) with Br(Z — £10;), we find
the following.
(1) The dipole transitions in (24), the only operators con-
tributing to £; — £;, do not give dominant contributions
to the decays Z — £;¢; due to heavy sparticle mass sup-
pression;
(2) Br(Z — £1£) is not sensitive to tan 3, whereas Br(£; —
£17y) can be enhanced by large tan (;
(3) the ratio Br(Z — £10;)/Br(f; — f£17) is indepen-
dent of the heavy Majorana sector introduced by the see-
saw mechanism.

0(m? )1, [?

M;

(48)

5 Numerical results

In our numerical calculation we consider the constraints
from current neutrino oscillation experiments and the ex-
perimental bounds on LFV lepton decays.
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Neutrino oscillation experiments

The SK Collaboration [16] showed that the v, created
in the atmosphere oscillates into v, with almost maxi-
mal mixing, sin(29atm) ~ 1 and the neutrino mass-square
difference is Am2, ~ (2-4) x 1073 eV2. The second mass-
square difference and mixing angle are found to be Ambol =
(3-15) x 107 eV?2, sin(260s1) = 0.7 ~ 0.9 from solar neu-
trino experiments [17,18]. For the third mixing angle,
only the upper bound is obtalned from the reactor neu-
trino experiments [19,20]: sin®20,., < 0.1 for Am2,,, =~
3 x 1073 eV2.

Although there exists a possibility that neutrino masses
are quasi-degenerate, in this work we take the normal mass
order myq < mys < mys with values?

— — ./ 2 — ./ 2
my1 = Oa my2 = Am3017 my3 = Amatm'

The mixing angles are fixed to be

9L12 = 9501 = 3007 0L23 = oatm = 45O~ (50)

Further, we restrict 67,3 < 10°. Then (Y}Y,)rs in (21)

are given by
2 3

(YTY )12 L £mQ—|—511120,;13m3 , (51)

T 4e2sin? g

V2 V3 .
(YZY,,)B ~ m meg + sin 29L13m§ , (52)
1
(YIY,)a3 (2m3 —m3) . (53)

T 4e2sin? g
The dependence of the parameter Y} Y, on the CP phase
éy, is very weak and thus has been neglected.
Experimental bounds on LFV lepton decays

LFYV lepton decays have been searched in several experi-
ments and the current bounds are given by [22-25]

Br(p—ey) < 1.2 x 1071 (54)

Br(t — (e, p)y) < (2.7, 1.1) x 107°, (55)
Br(Z — 1) < 1.2 x 107°, (56)
Br(Z — (u, 7)€) < (1.7, 9.8) x 1075, (57)

In addition, the explanation of the observed lepton
number asymmetry by the seesaw mechanism gives a lower
bound for the heavy Majorana neutrinos of M; > 10! GeV
[12]. Considering the constraints mentioned above and fix-
ing the right-handed neutrino masses as M; = 1013 GeV,
My ~ 10% GeV, we solve the full RG equations listed in

2 In general, the impact of RG evolution on neutrino masses
and mixing angles can be large; however, it is small for the
hierarchy of neutrinos we chose [21]
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Fig. 3a,b. Branching ratios of Z — lily and 05 — L1y versus
the common scalar mass mo. Other parameters are fixed to be
my/2 = 800GeV, Ap =0, tan 8 = 10, ma = 10GeV, m3z/ma =
30 and 6113 = 0. The dashed line in (b) is the experimental
upper bound on p — ey

Appendix A numerically based on the work of [26], where
the experimental bounds from b — sy and g, — 2 have
already been taken into account. Although the processes
Z — 010 are closely correlated to £; — £;+ and there is
a quite stringent bound on p — ey, our numerical results
show that there exists a scenario with my < m3 and a very
small 0113, in which a large branching ratio for Z — 74
is obtained.

In Fig. 3 we show the branching ratios of Z — ¢;£; and
{j — £y versus the common scalar mass mg. From Fig. 3
we have the following observations.
(1) With fixed my/, and tanf, both Br(Z — 7fi) and
Br(1 — py) reach their maximum values as my ~ 1000 GeV
and then drop slowly as mg gets larger.
(2) The branching ratio of Z — 7ji can be as large as 1075.

Since 5.5 x 10° Z-bosons will be produced at the LHC
[9] and the possible sensitivity of GigaZ to Z — 7/ will
be up to 1078 [10], the mode Z — 7ji will be accessible
at both the LHC and TESLA GigaZ. It is noticeable that
the branching ratios are sensitive to the mixing angle 67,13
except for the processes Z — 7 and 7 — py. As an
illustration, we plot the dependence on 613 in Fig. 4. We
see that to satisfy the experimental constraint on u — e,
the mixing angle 61,13 must be quite small. Therefore, joint
measurements for LFV Z-decays and lepton decays will set
strong constraints on the model parameter space.

6 Conclusions

We evaluated the lepton flavor violation Z-decays in the
framework of the supersymmetric seesaw model for the
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Fig. 4a,b. Same as Fig. 3, but versus the mixing angle 6113
with mo = 500 GeV

first time. Although different forms of neutrino couplings
may lead to different sizes of LF'V Z-decays, we emphasize
that it is important to study how large the rate for the LEV
can be for some typical cases and analyze the possibility to
observe Z — ;0 in future experiments. From our calcula-
tional results we conclude that, subject to the constraints
from the existing neutrino oscillation data and the experi-
mental bounds on the decays £; — {77, the LEV Z-decays
Z — Ll can still be sizable in the supersymmetric see-
saw model, among which the largest-rate channel Z — 71
can occur with a branching ratio of 10~8 and thus may be
accessible at the LHC and GigaZ experiment.
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A Renormalization group equations
in SUSY seesaw model

In this appendix we present additional contributions to the
RG equations of some parameters in the supersymmetric
seesaw model due to non-zero neutrino interactions. A de-
tailed description of these equations can be found in [1,2].
At one-loop level, the RG equations are given as follows.
(1) For Yukawa couplings:

1y, Y,
== (T2 2 3¢243Y1Y, + YZYg) . (58)
dY,  Yi o

ERETAAE (%)

251

Yy Yy
dt — 16n2

(YiY,), (60)
where ¢ = In y, with u, being the renormalization scale,
and Th = Tr(3Y£r]YU +Y!Y,). Yy is the Yukawa coupling
matrix for up-type quarks, and g;, g2 and g3 are the U(1)y,
SU(2) and SU(3) gauge coupling constants, respectively.
(2) For soft parameters:

dm?2

1
L — 2yt T 2 fm?2
TR [mLYUY,, +Y,Y,m3; +2Y ) myY,

+om2 YIY, + 2A1AV} : (61)
dm? 11, .
p_ L i Fin? 2
= [mﬂYUYV +Y, Y m2 +2Y,m2Y]
+2m2, Y, Y5 + 2AVA2}, (62)

dm? 1
S = g™ YD (w2 4w mi, ) Y, 4 AL,
(63)
dA 1
de = 1oz QY YA+ AY]Y,), (64)
dA, 1
o {[72 - g7 = 363 + 4, Y[] A, + A, YY,

+ [QTr (3Y§]AU + YIA,,) + 5AVYH Y,

—2 (g2 My + 362My) Y, + 2YVY}A5} . (65)
(3) For neutrino masses [27]:
dM 1
— = — MY, YT +Y,YIM
" SRQ[ (Y, Y))" + M], (66)
dM 1
vo_ o~ t T T]
= 1o {2+ (YD, + YY) M,

+M, (YIY, +Y]Y - 208 —663) } . (67)

Note that the above RG equations are valid for the running
from Mp to M. Below the scale M, the RG equations are
the same except that the couplings of the right-handed
neutrinos do not appear.
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